Super-amenability of L p (G)
In the throughout this section, G is a compact group, so that λ(G) < ∞. Let p ∈ (1, ∞). In the case L p (G) is a Banach algebra with the convolution product.
Definition 1.1. A Banach algebra A is called super-amenable if for every Banach A-bimodule E, every derivation D : A −→ E, is inner.
Consider the collection of all families τ consisting of finitely many, pairwise disjoint sets in B G such that 0 < λ(A) < ∞ for each A ∈ τ . We define τ 1 τ 2 if each member of τ 1 is the union of a subfamily of τ 2 .
For each τ , we have a corresponding finite, biorthogonal system, [ Run 2, Definition 3. Consider τ = {A 1 , ..., A n } and let G τ be the group of matrices of the form D t E σ where D t is the diagonal matrix specified by t = (t i δ i,j ), where t 1 , ..., t nτ ∈ {−1, 1} and E σ is the matrix corresponding to a permutation σ of {1, ..., n τ }.
We have
Consequently, L p (G) has property (A), [ Run 2, Definition 3.1.8].
Theorem 1.2. Let G be a compact group and let
For every f ∈ L p (G), we have
has property (A) and thus it has bounded approximation property. Therefore there are n 1 , ..., n k ∈ N, such that Let G be a locally compact group. A continuous, bounded function on G is called weakly almost periodic if its orbit under left ( or right ) translation is weakly compact. We denote the space of all weakly almost periodic functions on G by W AP (G).
It is easy to see that W AP (G) is a commutative C * -algebra. By [ Pat ] , W AP (G) is left introverted. Thus the dual space W AP (G) * is a Banach algebra in a natural manner :
The multiplication on W AP (G)
* turns the character space of W AP (G), which we denote it by G, into a compact semigroup that contains G as a dense subsemigroup, [ B-J-M ] .
Definition 2.2. Let A be a Banach algebra, and let E be a Banach Abimodule. An element x ∈ E is called weakly almost periodic if the module maps
are weakly compact.
The collection of all weakly almost periodic elements of E is denoted by W AP (E).
In particular
The following theorem is proved in [ Run 3, Proposition 4.11 ].
Theorem 2.3. The following are equivalent for a locally compact group G :
* is Connes-amenable if and only if G is amenable.
We now prove the same theorem too, with a different proof.
Theorem 2.4. Let G be a locally compact group. The following are equivalent :
be the restriction map. It is easy to see that T is one to one and
From (1), (2) and (3), we have
so that T * is a homomorphism. Since T is one to one, range of T * is w * -dense in M( G) Amenability of G yields Connes-amenability of M(G) and thus Connes- 
In [A-M-M], we were able to show that the equivalence of a version of (i) and (ii) for the weighted case. This paper is a continuation of [A-M-M] and we prove that the above three statements are indeed equivalent for a weighted measure algebras as well. More precisely, for a weight function w :
Then we show that the statements (i ) and (iii ) below are equivalent.
(i ) G is amenable and w is diagonally bounded.
The equivalence of (i ) and (ii ) For converse, our proof essentially follows that of [Run3] , but we first have to prove a Reiter type condition for the weighted group algebra L 1 (G, Ω). Let G be a locally compact group with the identity element e. A continuous map w :
In this case, Ω(g) := w(g)w(g −1 ) and w × w(g, h) := w(g)w(h) define weight functions on G and G×G, respectively. A weight function w is called diagonally bounded if Ω is bounded on G. The weighted group algebra L 1 (G, w) and the weighted measure algebra M(G, w) are defined as in the non-weighted case [D-L] . We denote the set of all functions f ∈ L 1 (G, w) such that f ≥ 0 and
we have the following lemma, its proof is similar to [Grø1, Lemma 3 .1] and is omitted.
Lemma 3.1. Let m be a topologically left invariant mean on
L ∞ (G, w −1 ) and V be a convex w * -neighborhood of m in L ∞ (G, w −1 ) * and > 0. For each finite subset {f 1 , ..., f n } of P (G, w), there is an element f ∈ L 1 (G, w) ∩ V such that f w ≤ m and f i f − f w < , for each 1 ≤ i ≤ n.
Lemma 3.2. If G is amenable and w is diagonally bounded, then there is a bounded net
* and F is the set of all finite subsets of P (G, Ω), by above lemma, for each V ∈ U, F ∈ F, and n ∈ N, there is an
If we direct the set of elements f obtained in this manner using the lexicographic order of the Cartesian product N × F × U, we obtain a bounded net in L 1 (G, Ω) which satisfies the required conditions.
Lemma 3.3. If G is amenable and w is diagonally bounded, then for each compact subset
Proof. Fix f 0 ∈ P (G, Ω). Using the left representation of G on L 1 (G, Ω), we obtain a neighborhood O of the identity element e in G such that δ g f 0 − f 0 Ω < , for each g ∈ O. Since G is amenable and w is diagonally bounded, by [Grø2, Theorem 0] and [M-P, Theorem 2.2] and Lemma 3.2, there is a bounded net (f α ) α ⊆ L 1 (G, Ω) such that G f α (x)d(x) −→ 1 and h f α − f α Ω −→ 0, for each h ∈ P (G, Ω). In particular
Since K is compact, there are g 1 , ..., g n ∈ K such that K ⊆ ∪ 
